Certain curvature conditions for stability of Einstein manifolds with respect to the Einstein-Hilbert action are given. These conditions are given in terms of sectional curvature bounds and quantities involving the Weyl tensor and the Bochner tensor. This notion of stability is closely related to the concept of physical stability, which comes from higher dimensional gravity theories. We also give curvature conditions for physical stability.
Introduction
Let M n be a compact manifold of dimension n ≥ 3 and let M be the set of smooth Riemannian metrics on it. For any c > 0, let M c ⊂ M be the subset of smooth Riemannian metrics of volume c. Ricci-flat metrics can be variationally characterized as critical points of the Einstein-Hilbert action [Hil15] . If the functional is restricted to some M c , the critical points are precisely the Einstein metrics of volume c. It is well-known that Einstein manifolds are neither local maximum nor minimum of the Einstein-Hilbert action on M c [Mut74] . In fact, both index and coindex of S are infinite on any Einstein space. However, there is a notion of stability which is as follows: We say that an Einstein manifold is stable if S (h) ≤ 0 for any h ∈ Γ(S 2 M ) satisfying trh = 0 and δh = 0. Such tensors are called transverse traceless. We call the manifold strictly stable, if S (h) < 0 for all nonzero transverse tracless tensors.
Stability of compact Einstein metrics appears in mathematical general relativity. In [AM11] , Andersson and Moncrief prove that the Lorentzian cone over a compact negative Einstein metric is an attractor of the Einstein flow under the assumption that the compact Einstein metric is stable. Stability also appears in the context of the Ricci flow and its analysis close to Einstein metrics [Ye93, CHI04, Ses06, Has12, CH13] . This is because the second variational formulas of Perelman's entropies on Einstein metrics are closely related to the second variational formula of the Einstein Hilbert action.
Many classes of Einstein spaces are known to be stable. Most symmetric spaces of compact type (including the sphere and the complex projective space) are stable [Koi80, CH13] . Spin manifolds admitting a nonzero parallel spinor are stable [Wan91, DWW05] . Kähler-Einstein manifolds of nonpositive scalar curvature are stable [DWW07] , which essentially follows from the work in [Koi83] .
On the other hand, many unstable Einstein manifolds can be explicitly constructed [PP84a, PP84b, GM02, GH02, GHP03, Böh05] . All these examples are of positive scalar curvature. No unstable Einstein manifolds of nonpositive scalar curvature are known which naturally leads to the following Question ( [Dai07, p. 65] ). Are all compact Einstein manifolds with nonpositive scalar curvature stable?
For the Ricci-flat case, this question was already asked by Kazdan and Warner [KW75, p. 315 ]. The statement is not true in the noncompact case since the Riemannian Schwarzschild metric is unstable (see [GPY82, Sec. 5 
]).
Throughout this work, any manifold M n is compact and n ≥ 3 unless the contrary is explicitly asserted. We start with considering flat manifolds which are known to be stable. We compute the kernel of S restricted to transverse traceless tensors. Proposition 1.1. Let (M = R n /G, g) be a Bieberbach manifold and let ρ be the canonical representation of the holonomy of G on R n . Let
be an irreducible decomposition of ρ. Then the dimension of the space of infinitesimal Einstein deformations is equal to dim(ker(∆ E | T T ) = l j=1 i j (i j + 1) 2 − 1.
As another example, we consider products of Einstein spaces and we compute the kernel and the coindex of S restricted to transverse traceless tensors on products of Einstein spaces (Proposition 4.8).
For the study of curvature conditions, we build up on an important theorem by Koiso, which states the following: Here, r : M → R is the largest eigenvalue of the curvature tensor acting on traceless symmetric (0, 2)-tensors. The proof is based on the Bochner technique. One can estimate r in a purely algebraic way in terms of sectional curvature bounds and one gets the following corollaries as consequences thereof: Corollary 1.3 (Bourguignon, unpublished). Let (M, g) be an Einstein manifold such that the sectional curvature lies in the interval ( Using the Sobolev inequality, we find a different criterion involving an integral of this function: Theorem 1.6. Let (M, g) be an Einstein manifold with positive Einstein constant µ. If w L n/2 ≤ µ · vol(M, g) 2/n · n + 1 2(n − 1) 4(n − 1) n(n − 2) + 1
, then (M, g) is stable. If the strict inequality holds, then (M, g) is strictly stable.
Observe that for large dimensions, the two above conditions are close to each other. Using the previous criterion and the Gauss-Bonnet formula in dimension six, we prove a stability criterion involving the Euler characteristic of the manifold: Theorem 1.7. Let (M, g) be a positive Einstein six-manifold with constant µ and vol(M, g) = 1. If
then (M, g) is strictly stable. Here,Ŵ is the Weyl curvature operator acting on two-forms.
For Kähler-Einstein manifolds, the Bochner tensor plays a similar role as the Weyl tensor for general Einstein manifolds. We prove similar theorems as Theorem 1.5 and Theorem 1.6 for Kähler-Einstein manifolds which involve the Bochner tensor instead of the Weyl tensor. In this context, we correct a small error in [IN05] .
In the last section, we consider the notion of physical stability [BF82, GHP03] . An Einstein manifold with positive Einstein constant µ is said to be physically stable if we have
L 2 for all transverse traceless tensors. We state conditions as in Theorem 1.2, Corollary 1.3 Theorem 1.5 and Theorem 1.6 for physical stability.
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Preliminaries
Let us first fix some notation and conventions. We define the Laplace-Beltrami operator acting on functions by ∆ = −tr∇ 2 . For the Riemann curvature tensor, we use the sign convention such that
Given a fixed metric, we equip the bundle of (r, s)-tensor fields (and any subbundle) with the natural scalar product induced by the metric. By S p M , we denote the bundle of symmetric (0, p)-tensors. Let {e 1 , . . . , e n } be a local orthonormal frame. The divergence is the map
and its adjoint δ
where the sums 1 + i, . . . , p + i are taken modulo p.
The second variation of S at Einstein metrics was studied in [Koi79] . For details, see also [Bes08, Chapter 4]. A useful fact for studying S is that any compact Einstein metric except the standard sphere admits the decomposition
and these factors are all infinite-dimensional. It turned out that this splitting is orthogonal with respect to S . Thus, the second variation can be studied separately on each of these factors. The first factor of (2.1) is the tangent space of the conformal class of g. It is known that S is positive on volume-preserving conformal deformations. This follows from
and the following Theorem 2.1 ([Oba62, Theorem 1 and Theorem 2]). Let (M, g) a compact Riemannian manifold and let λ be the smallest nonzero eigenvalue of the Laplace operator acting on C ∞ (M ). Assume there exists µ > 0 such that Ric(X, X) ≥ µ|X| 2 for any vector field X. Then λ satisfies the estimate
and equality holds if and only if (M, g) is isometric to the standard sphere.
Later on, we refer to this theorem as Obata's eigenvalue estimate. The second factor is the tangent space of the orbit of the diffeomorphism group acting on g. By diffeomorphism invariance, S vanishes on this factor. The third factor is the space of non-trivial constant scalar curvature deformations of g. The tensors in the third factor are also often called transverse traceless or T T . From now on, we abbreviate T T g = tr
. The second variation of S on T T -tensors is given by
Here,R is the action of the curvature tensor on symmetric (0, 2)-tensors, given bẙ
Definition 2.2. We call the operator
Remark 2.5. If g t is a nontrivial curve of Einstein metrics through g = g 0 orthogonal to R · (g · Diff(M )), thenġ 0 is an infinitesimal Einstein deformation. Evidently, an Einstein manifold is isolated (or rigid) in the space of Einstein structures if ∆ E | T T has trivial kernel. Definition 2.6. An infinitesimal Einstein deformation h is called integrable if there exists a curve of Einstein metrics tangent to h.
Einstein deformations of Bieberbach manifolds
Bieberbach manifolds are flat connected compact manifolds. It is well known that any Bieberbach manifold is isometric to R n /G, where G is a suitable subgroup of the Euclidean motions E(n) = O(n) R n . We call such groups Bieberbach groups. For every element g ∈ E(n), there exist unique A ∈ O(n) and a ∈ R n such that gx = Ax + a for all x ∈ R n , and we write g = (A, a). There exist homomorphisms r : E(n) → O(n) and t : R n → E(n), defined by r(A, a) = A and t(a) = (1, a). Let G be a Bieberbach group. The subgroup r(G) ⊂ O(n) is called the holonomy of G since its natural representation on R n is equivalent to the holonomy representation of R n /G (see e.g. [Cha86, pp. 50-52]). We call two Bieberbach manifolds M 1 and M 2 affinely equivalent if there exists a diffeomorphism F : M 1 → M 2 whose lift to the universal coverings π 1 :
If M 1 and M 2 are affinely equivalent, the corresponding Bieberbach groups G 1 and G 2 are isomorphic via ϕ : 
Furthermore, any infinitesimal Einstein deformation is parallel. In the following, we will compute the dimension of the kernel of ∆ E = ∇ * ∇ in terms of the holonomy. The following lemma is a consequence of the holonomy principle. 
be the decomposition of the tangent bundle obtained by parallel transport of the (E i ) p . Then ∇h = 0 if and only if h = k i=1 λ i g i where λ i ∈ R and g i is the metric restricted to E i .
Proof. Consider h as an endomorphism on T M and suppose that ∇h = 0. By the holonomy principle, h p commutes with the holonomy representation, i.e. Proof. This follows from Lemma 3.1 since any traceless symmetric (0, 2)-tensor field admits at least two distinct eigenvalues. Proof. Since the canonical representation of r(G) on R n is equivalent to the holonomy representation of M . and any infinitesimal Einstein deformation is parallel, the assertion is immediate from Corollary 3.2.
For the moment, let (M, g) be an arbitrary Riemannian manifold. We compute the dimension of the space of parallel symmetric (0, 2)-tensors on (M, g) in terms of the holonomy. Let T M = E 1 ⊕ . . . ⊕ E k be a parallel orthogonal splitting of the tangent bundle in irreducible components. Then a parallel splitting of the bundle of symmetric (0, 2)-tensors is given by be an irreducible decomposition of Hol(M, g). Then the dimension of parallel symmetric (0, 2)-tensors is equal to
Let us now go back to the special case of a Bieberbach manifold (R n /G, g) and recall that infinitesimal Einstein deformations are precisely the traceless parallel symmetric (0, 2)-tensors. Using the fact that the canonical representation r : G → O(n) is equivalent to the holonomy representation of M , we obtain Proposition 1.1.
Remark 3.5. Any infinitesimal Einstein deformations on a Bieberbach manifold. if integrable since g +th is a curve of flat metrics, if g is flat and h is parallel.
Recall that two Bieberbach manifolds M 1 and M 2 are called affinely equivalent if there exists a diffeomorphism F : M 1 → M 2 whose lift to the universal coverings π 1 :
Since π 1 , π 2 are local isometries and α is affine, the map F is parallel. Therefore, the induced map F * : Γ(S 2 M 1 ) → Γ(S 2 M 2 ) maps parallel tensor fields on M 1 isomorphically to parallel tensor fields on M 2 . It follows that the dimension of infinitesimal Einstein deformations only depends on the affine equivalence class of M .
For any n ∈ N the number of affine equivalence classes of n-dimensional Bieberbach manifolds is finite [Bie12] . In dimension 3, a classification of all Bieberbach manifolds up to affine equivalence is known. In fact, there exist 10 Bieberbach 3-manifolds where six of them are orientable and the others are non-orientable. We describe the corresponding Bieberbach groups in the following. Moreover, we will compute the dimension of infinitesimal Einstein deformations explicitly. Let {e 1 , e 2 , e 3 } be the standard basis of R 3 , let R(ϕ) be the rotation matrix of rotation of R 3 about the e 1 -axis through ϕ and let E be the reflection matrix at the e 1 -e 2 -plane, i.e. Let furthermore t i = (1, e i ), i ∈ {1, 2, 3} and I be the identity map. Then the Bieberbach groups can be described as follows (see e.g. [Kan06, Lemma 2.1]):
2 (e 2 + e 3 )) and γ = (−E, 1 2 (e 1 + e 2 + e 3 )) G 7 t 1 , t 2 , t 3 and α = (E, The manifolds M/G i are orientable if 1 ≤ i ≤ 6 and non-orientable if 7 ≤ i ≤ 10. Now we extract the generators of the holonomy and use Proposition 1.1 to compute the dimension of ker(∆ E | T T ):
denote the connection Laplacians on functions and 1-forms with respect to the metrics on M and N , respectively.
be the corresponding eigenvalues. Let
be their eigenvalues. By [AM11, Lemma 3.1], the tensor products
Straightforward calculations show that
from which the assertion follows.
Another operator closely related to the Einstein operator is the Lichnerowicz Laplacian acting on
It satisfies some useful properties:
Proof. Formula (4.2) follows from an easy calculation. Forula (4.6) follows from (4.4) and the wellknown formula ∆ H (∇f ) = ∇(∆f ). Observe that on Einstein manifolds, we have the relation ∆ L = ∆ E + 2µ · id where µ is the Einstein constant.
Lemma 4.3. Let (M, g) be an Einstein manifold with constant µ. Then the spectrum of ∆ E on Γ(S 2 M ) can be decomposed as
) is not the standard sphere, we consider the decomposition
i , where f 0 is the constant eigenfunction. Let {ω i }, i ∈ N, be an eigenbasis of ∆ 1 = ∆ H − µ acting on W with eigenvalues λ
On the round sphere, we have
.
where n is the first nonzero eigenvalue of the Laplacian (see [Bes08, Lemma 4 .57] and [Oba62,
we therefore have a basis, if we remove from ∇ 2 f i the f i which are the eigenfunctions to the first nonzero eigenvalue of the Laplacian. By the relation ∆ E = ∆ L − 2µ · id and Lemma 4.2, we have
which shows that we have obtained a basis of eigentensors of ∆ E . By Lemma 4.4 below, λ 
Proof. Let {e 1 , . . . , e n } be a local orthonormal frame. Then
and if µ is nonnegative, the nonnegativity of is nonnegative since the sum of the spectra does not contain negative elements.
If (M, g) and (N, g 2 ) are stable Einstein manifolds with constant µ < 0, it is also quite immediate that
. We show that if µ = 0, the situation is slightly more subtle.
Proposition 4.6. Let (M n1 , g 1 ) and (N n2 , g 2 ) be stable Ricci-flat manifolds. Then
Here, par(Ω 1 (M )), par(Ω 1 (N )) denote the spaces of parallel 1-forms on M, N respectively. If all infinitesimal Einstein deformations of M and N are integrable, then all infinitesimal Einstein deformations of M × N are integrable.
Proof. By the proof of Proposition 4.1, the kernel of ∆ M ×N E is spanned by tensors of the form α i k j , β i h j , ω i φ j where α i , ω i , h i and β i , φ i , k i are eigentensors of ∆ 0 , ∆ 1 , ∆ E on M and N , respectively. By Lemma 4.3, these operators are nonnegative, so the eigentensors have to lie in the kernel of the corresponding operators. This shows
The first assertion follows from restricting ∆
M ×N E to T T -tensors. Any deformation h ∈ R(n 2 ·g 1 −n 1 ·g 2 ) is integrable since it can be integrated to a curve of metrics of the form (g 1 ) t + (g 2 ) t where (g 1 ) t and (g 2 ) t are just rescalings of g 1 and g 2 . This of course does not affect the Ricci-flatness of M × N . Now, consider the situation where h ∈ (par(Ω 1 (M )) par(Ω 1 (N ))). Let ω 1 , . . . , ω m1 be a basis of par(Ω 1 (M )) and φ 1 , . . . φ m2 be a basis of par(Ω 1 (N )). Suppose for simplicity that all these forms have constant lengh 1. Then
We show that h is integrable. By the holonomy principle, we have parallel decompositions
and the metrics split as
The metricsg 1 andg 2 are also Ricci-flat. The tangent bundle of the product manifold obviously splits as
Observe that g 1 + g 2 is flat when restricted to
Consider the curve of metrics t → g t = g 1 + g 2 + th on M × N . The metric restricted E ⊕ F does not change and stays flat if we restrict to G. Thus, g t is a curve of Ricci-flat metrics, so h is integrable.
If h ∈ ker(∆ M E | T T ), then there exists a curve of Einstein metrics (g 1 ) t on M tangent to h by assumption. Consequently, the curve (g 1 ) t ⊕ g 2 is a curve of Einstein metrics on M × N tangent to h, so h is integrable (considered as an infinitesimal Einstein deformation on M × N ).h If h ∈ ker(∆ N E | T T ), an analogous argument shows the integrability of h. Now, let us turn to the case where the Einstein constant is positive.
Lemma 4.7. Let (M, g) be a positive Einstein manifold with constant µ. Then
where mult ∆0 (λ) is the multiplicity of λ as an eigenvalue of ∆ 0 and ind(∆ E ) is the index of the quadratic
Proof. This follows immediately from the proof of Lemma 4.3 and Obata's theorem (Theorem 2.1).
Proof. We now prove the first assertion. By Lemma 4.4, ∆ = 0. We obtain, after summing up both cases,
By the formula
and by Obata's eigenvalue estimate,
From Lemma 4.7, we get the dimension of ker∆
To show the second assertion, we compute the number of eigenvalues (with multiplicity) satisfiying λ = −2µ appears with multiplicity 1. This also implies that λ
Simliarly, we deal with the inequality λ (2) i + κ (0) i < 0. Summing up over both cases, we obtain
By (4.7) and by Obata's eigenvalue estimate,
and the second assertion follows from Lemma 4.7.
Corollary 4.9. Any product of positive Einstein metrics is unstable.
Remark 4.10. We also see that small eigenvalues of the Laplacian enlarge the index of the form
If 2µ is an eigenvalue of the Laplace-Beltrami operator on M or N (this holds e.g. for the complex projective space) then the product metric has infinitesimal Einstein deformations. Such infinitesimal Einstein deformations were studied on CP 2n × S 2 by Koiso [Koi82] . He showed that they are not integrable.
Stability under sectional curvature bounds
Recall Theorem 1.2, which is a first attempt to relate stability of Einstein manifolds to curvature assumptions. Because we also work with his methods later on, we will sketch Koiso's proof of the theorem. Let S 2 g M be the vector bundle of symmetric (0, 2)-tensors whose trace with respect to g vanishes. We define a function r : M → R by
We now use the Bochner technique. Let the two differential operators D 1 and D 2 be defined by
For the Einstein operator, we have the Bochner formulas Lemma 5.1. Let (M, g) be Einstein and p ∈ M . Let K min and K max be the minimum and maximum of its sectional curvature at p, then
If equality holds, i.e.
where K i1 is the sectional curvature of the plane spanned by e i and e 1 . Thus,
On the other hand,
so we have proven the first assertion. Suppose now that (5.5) holds, then equality must hold both in (5.6) and (5.7). From (5.6), we get that either λ i = −λ 1 or K ij = K max whereas (5.7) implies λ i = λ 1 or K ij = K min for each i. Thus there only exist two eigenvalues λ and −λ which are of same multiplicity since the trace of η vanishes. In particular, (M, g) is even-dimensional.
Let P ⊂ T p M be a plane which satisfies one of the assumptions of the lemma. We then may assume that P is spanned by two vectors of the eigenbasis we have chosen. If P ⊂ E(λ) or P is spanned by two vectors in E(λ), E(−λ), respectively, we may assume e 1 ∈ P . Then the assertions follow from the above. If P ⊂ E(−λ), we may replace η by −η and the roles of E(λ) and E(−λ) interchange.
From Theorem 1.2 and the first part of Lemma 5.1, the Corollaries 1.3 and 1.4 are consequences. We now prove refinements of these corollaries.
Proposition 5.2. Let (M, g) be an Einstein manifold with constant µ such that the sectional curvature lies in the interval
n is even-dimensional. Furthermore, there exists an orthogonal splitting T M = E ⊕ F into two subbundles of dimension n/2. The two C ∞ (M )-bilinear maps
and
are both antisymmetric in X and Y . Moreover, the sectional curvature of a plane P is equal to K max if P either lies in E or F. If P = span{e, f } with e ∈ E and f ∈ F, then K(P ) = K min .
Proof
The second equality implies that
Thus, Lemma 5.1 applies and at each point where h = 0, the tangent space splits into the two eigenspaces of h, i.e.
for any local orthonormal frame {e 1 , . . . , e n }. Here, we considered h as an endomorphism h : T M → T M . Choose a local eigenframe of h around some p outside the zero set of h. A straightforward calculation shows
where λ j is the eigenvalue of e j . Now we rewrite (5.8) as
If we choose i = j = k, we obtain 0 = −3(∇ ei λ i ).
Since λ i = ±λ, it is immediate that λ is constant and it is nonzero. Thus, we obtain a global splitting T M = E ⊕ F where the two distributions are defined by
By Lemma 5.1, the assertion about the sectional curvatures is immediate. To finish the proof, it just remains to show the antisymmetry of the maps I, II, respectively.
Let {e 1 , . . . , e n } be the eigenframe from before. We may assume that e 1 , . . . , e n/2 are local sections in E and e n/2+1 , . . . , e n are local sections in F. Choose i, j ∈ {1, . . . , n/2}, k ∈ {n/2 + 1, . . . , n}. Then λ i = λ j = λ, λ k = −λ and (5.10) yields
since the right-hand side of (5.10) vanishes for any i, j, k. Now consider the map I. We have
and by (5.11), we immediately get I(e i , e j ) = −I(e j , e i ). Similarly, antisymmetry is shown for II.
Now let us turn to the case of nonpositive secional curvature.
Definition 5.3. Let (M, g) be a Riemannian manifold and let {e 1 , . . . , e n } be an orthonormal frame at p ∈ M . Then K ij = R ijji is the sectional curvature of the plane spanned by e i and e j if i = j and is zero if i = j. We count the number of j such that K i0j = 0 for a given i 0 and call the maximum of such numbers over all orthonormal frames at p the flat dimension of M at p, denoted by fd(M ) p . The number fd(M ) = sup p∈M fd(M ) p is called the flat dimension of M . 
are symmetric. Moreover, K(P ) = 0 for any plane lying in E or F.
Proof. Since the sectional curvature is nonpositive but not identically zero, the Einstein constant is negative. Now we follow the same strategy as in the proof of Proposition 5.2. If K min > 2 n µ, then r p < −µ and by Proposition 1.2, (M, g) is strictly stable. If K min ≥ 2 n µ and h ∈ ker(∆ E | T T ), we obtain from (5.3) that
Consequently, D 2 h ≡ 0 and r(p) = K max − µ = µ − nK min . Again by Lemma 5.1, there is a splitting T p M = E p (λ) ⊕ E p (−λ) at each point p ∈ M where h = 0 and E p (±λ) is the n/2-dimensional eigenspaces of h to the eigenvalue ±λ, respectively. Evidently, (M, g) is even-dimensional. We will now show that λ is constant in p. Let {e 1 , . . . , e n } be a local eigenframe of h such that e 1 , . . . , e n/2 ∈ E(λ) and e n/2+1 , . . . , e n ∈ E(−λ) and let λ 1 ≡ . . . ≡ λ n/2 and λ n/2+1 ≡ . . . ≡ λ n be the corresponding eigenfunctions. Since D 2 h ≡ 0, (5.9) yields
for 1 ≤ i, j, k ≤ n. Choose i = j and j = k such that e i , e j , e k lie in the same eigenspace. Then by (5.13), 0 = −∇ ei λ j and since λ j equals either λ or −λ, the eigenvalues of h are constant in p. A splitting of the tangent bundle is obtained by T M = E ⊕ F where the two distributions are defined by
The flatness of planes in E and F follows from Lemma 5.1. It remains to show the symmetry of I and II. Let {e 1 , . . . e n } an orthonormal frame such that e 1 , . . . , e n/2 are local sections in E and e n/2+1 , . . . , e n are local sections in F. Let i, j ∈ {1, . . . n/2} and k ∈ {n/2 + 1, . . . , n}. By (5.13), It is not known whether the pinching assumptions of Proposition 5.2 can be further improved. We conclude this section with some eigenvalue estimates for the Einstein operator.
Proposition 5.7. Let (M, g) be a Riemannian manifold of constant curvature K. Then the smallest eigenvalue of ∆ E | T T satisfies the estimate λ ≥ max {2(n + 1)K, −(n − 2)K} .
In particular, (M, g) is stable and if K = 0, (M, g) is strictly stable.
Proof. For constant curvature metrics, the Riemann curvature tensor is given by
and we have µ = K(n − 1) for the Einstein constant. The action of the cuvature tensor on traceless tensors is given byRh(X, Y ) = −Kh(X, Y ). Now, Bochner formula (5.2) yields
and from (5.3), we obtain
Remark 5.8. For nonnegative K, this lower bound is optimal. For the flat case, see Section 3. The bound is also achieved on the round sphere. The spectrum of the Lichnerowicz Laplacian (from which we obtain the spectrum of the Einstein operator) on T T -tensors on the round sphere was explicitly computed in [Bou99, Theorem 3.2]. For hyperbolic spaces, it is not known if this inequality is optimal.
Proposition 5.9. Let (M, g) an Einstein manifold with constant µ and sectional curvature K ≥ 0. Then the smallest eigenvalue of ∆ E | T T satisfies λ ≥ −2µ.
Moreover, equality holds if and only if the holonomy of (M, g) is reducible.
Proof. By curvature assumptions and Lemma 5.1, r L ∞ ≤ µ, where r is defined in (5.1), respectively. Therefore,
and equality implies that h is parallel. It follows from Lemma 3.1, that (M, g) has reducible holonomy. Conversely, if (M, g) has reducible holonomy, the metric splits as g = g 1 + g 2 and any tracefree linear combination αg 1 + βg 2 is an eigentensor of ∆ E | T T to the eigenvalue −2µ. 
is nonnegative if the sectional curvature is nonnegative. Thus, the Lichnerowicz-Laplacian is positive semidefinite and any h ∈ ker(∆ L ) must be parallel.
On the other hand, if h is parallel, Lemma 3.1 implies that it is of the form h = λ i g i where λ i are the eigenvalues of h (which are constant on M ) and g i is the metric restricted to the eigenspace of λ i . It is straightforward to check that ∆ L h = 0 if h is of this form.
Remark 5.12. By Proposition 3.4, the dimension of ker(∆ L ) can be explicitly computed in terms of the holonomy, if the curvature is nonnegative.
Stability and Weyl curvature
We have seen that constant curvature metrics and sufficiently pinched Einstein manifolds are stable. This motivates to prove stability theorems in terms of the Weyl tensor which measures the deviation of an Einstein manifold of being of constant curvature. Recall that on Einstein manifolds, the curvature tensor decomposes as
where µ is the Einstein constant of g. The tensor W is the Weyl curvature tensor and denotes the Kulkarni-Nomizu product of symmetric (0, 2)-tensors, given by
The Weyl tensor acts naturally on symmetric (0, 2)-tensors bẙ
W (e i , X, Y, e j )h(e j , e i ),
and a straightforward calculation shows that the action of the Riemann tensor decomposes as
Lemma 6.1. Let (M, g) be any Riemannian manifold and let p ∈ M . The operatorW : (
It is indefinite as long as W p = 0.
Proof. First we compute the trace ofW acting on all symmetric (0, 2)-tensors. Let {e 1 , . . . , e n } be an orthonormal basis of T p M . Then an orthonormal basis of (S 2 M ) p is given by
where denotes the symmetric tensor product. Simple calculations yield
because the Weyl tensor has vanishing trace. Suppose now that the operatorW vanishes, then all W ijji vanish. By the symmetries of the Weyl tensor, this already implies that W p vanishes.
To study the behavior of this operator, we define a function w : M → R by
Thus, w(p) is the largest eigenvalue of the actionW : (S 2 M ) p → (S 2 M ) p . Lemma 6.1 implies that the function w is nonnegative. SinceW g = 0, w(p) is also the largest eigenvalue ofW restricted to (S 2 g M ) p . The decomposition ofR allows us to estimate the smallest eigenvalue of ∆ E acting on T T -tensors in terms of the function w. From (5.2), we obtain
and similarly from (5.3),
Proposition 6.2. Let (M, g) be Einstein with constant µ and let λ be the smallest eigenvalue of ∆ E | T T . Then
Now, Theorem 1.5 is an obvious consequence. This is similar to the work in [IN05] . Let w(p) be the largest eigenvalue of the Weyl curvature operator at p ∈ M . 
However, this condition is equivalent to the condition that the Riemann curvature operator on (M, g) is negative. By Corollary 1.4, strict stability holds under the weaker condition of negative sectional curvature. It seems not convenient to formulate stability criterions in terms of the curvature operator. In the proof of the above theorem, the very rough estimate max W ijji ≤ w(p) is used and we find no other way to estimate w(p) in terms of w(p).
We now give a different stability criterion involving an integral of the function w. The main tool we use here is the Sobolev inequality which holds for Yamabe metrics. Recall that a metric is called Yamabe if it realizes the Yamabe metric in its conformal class, given by
Proposition 6.4 (Sobolev inequality). Let (M, g) be a Yamabe metric in a conformal class and suppose that vol(M, g) = 1. Then for any f ∈ H 1 (M ),
where p = 2n/(n − 2).
Proof. This follows easily from the definition of Yamabe metrics, see e.g. [IS02, p. 140].
Remark 6.5. The inequality holds if f is replaced by any tensor T because of Kato's inequality
Since any Einstein metric is Yamabe (see e.g. [LeB99, p. 329]), the Sobolev inequaliy holds in this case. Now we are ready to prove Theorem 1.6:
Proof of Theorem 1.6. sides of the inequality in the statement are scale-invariant, see Lemma 6.6 below. Therefore, we may assume vol(M, g) = 1 from now on. First, we estimate the largest eigenvalue of the Weyl tensor action by
We used the Hölder inequality and the Sobolev inequality. With the estimate obtained, we can proceed as follows:
The first term on the right hand side is nonnegative by the assumption on w. It remains to estimate ∇h 2 L 2 . This can be done by using (5.2). We have
and therefore, ∇h 2 L 2 can be estimated by
Combining these arguments, we obtain
(6.6)
The manifold (M, g) is stable if the right-hand side of this inequality is nonnegative. It is elementary to check that this is equivalent to
The assertion about strict stability is also immediate.
Lemma 6.6. The L n/2 -Norm of the function w is conformally invariant.
Proof. Let g,g be conformally equivalent, i.e.g = f · g for a smooth positive function f . Let W and W be the Weyl tensors of the metrics g andg, respectively. It is well-known thatW = f · W when considered as (0, 4)-tensors. Therefore,
Furthermore, we have
We now see thatw = f −1 w and
, which shows the lemma.
Corollary 6.7. Let (M, g) be a Riemannian manifold and let Y ([g]) be the Yamabe constant of the conformal class of g. If
any Einstein metric in the conformal class of g is stable.
Proof. Suppose thatg ∈ [g] is Einstein. We know thatg is a Yamabe metric in the conformal class of g. By the definition of the Yamabe constant, the Einstein constant ofg equals
and Lemma 6.6 yields
The assertion now follows from Theorem 1.6.
By Theorem 1.6 and the Cauchy-Schwarz inequality, any positive Einstein manifold of unit volume is stable, if
On the other hand, we have the following isolation theorem for the Weyl tensor:
) be a compact connected, oriented Einstein-manifold, n ≥ 4, with positive Einstein constant µ and of unit-volume. Then there exists a constant C(n), depending only on n, such that if the inequality W L n/2 < C(n)µ holds, then W = 0 so that (M, g) is a finite isometric quotient of the sphere.
A careful investigation of the proof shows that W vanishes if
A comparison of the last two inequalities shows that (6.8) is not ruled out by the above isolation theorem.
In dimension 4, we have another isolation theorem, proven with different techniques:
Theorem 6.9 ([GL99, Theorem 1]). Let (M, g) be a compact oriented Einstein 4-manifold with constant µ > 0 and let W + be the self-dual part of the Weyl tensor. If
with equality if and only if ∇W + ≡ 0.
Obviously, the same gap theorem holds for the whole Weyl tensor. By passing to the orientation covering, we see that the same gap also holds for the Weyl tensor on non-orientable manifolds. Unfortunately, this theorem rules (6.8) out.
Six-dimensional Einstein manifolds
In this section, we compute an explicit representation of the Gauss-Bonnet formula for six-dimensional Einstein manifolds. We use this representation to show a stability criterion for Einstein manifolds involving the Euler characteristic.
The generalized Gauss-Bonnet formula for a compact Riemannian manifold (M, g) of dimension n = 2m is
The function Ψ g is defined as
where the coefficients are taken with respect to an orthonormal basis (see e.g. [Zhu00, Theorem 4.1]). In dimension four, this yields the nice formula 
where µ is the Einstein constant. As a nice consequence, we obtain a topological condition for the existence of Einstein metrics:
. Every compact 4-manifold carrying an Einstein metric g satisfies the inequality
Moreover, χ(M ) = 0 if and only if (M, g) is flat.
Another consequence of (7.2) is the following: Let (M, g) be of unit volume. Then there exists a constant C > 0 such that, if µ ≥ C · χ(M ), the Weyl curvature satisfies W L 2 ≤ 1 3 µ. This implies stability by Theorem 1.6. Unfortunately, the same condition on the Weyl tensor already implies that it vanishes, as we discussed in the last section.
In dimension six, an explicit representation of the Gauss-Bonnet formula is given by
) is Einstein, this integral is equal to
) is a compact Einstein manifold with constant µ,
Let {e 1 , . . . , e n } be a local orthonormal frame of T M . Then {e i ∧ e j }, i < j is a local orthonormal frame of Λ 2 M . A straightforward calculation shows
where the coefficients of R are taken with respect to the orthonormal frame. The decomposition (6.1) of the 4-curvature tensor induces the decompositionR =Ŵ + Inserting this in the above formula finishes the proof.
Proof of Theorem 1.7. By the Sobolev inequality,
Therefore we have, by Proposition 7.3
Now if µ satisfies the estimate of the statement in the theorem, we obtain
which is equivalent to
By Theorem 1.6 and the Cauchy-Schwarz inequality, (M, g) is strictly stable.
Kähler manifolds
Here, we prove stability criterions for Kähler-Einstein manifolds in terms of the Bochner curvature tensor, which is an analogue of the Weyl tensor.
Definition 8.1. Let (M, g) be a Riemannian manifold of even dimension. An almost complex structure on M is an endorphism J : T M → T M such that J 2 = −id T M . If J is parallel and g is hermitian, i.e. g(JX, JY ) = g(X, Y ), we call the triple (M, g, J) a Kähler manifold. If (M, g) is Einstein, we call (M, g, J) Einstein-Kähler.
The bundle of traceless symmetric (0, 2)-tensors splits into hermitian and skew-hermitian ones, i.e. we have S 2 g M = H 1 ⊕ H 2 , where
Stability of Kähler-Einstein manifolds was studied in [Koi83, IN05, DWW07] . We sketch the ideas of [Koi83] in the following. It turns out that the Einstein operator preserves the splitting Γ(H 1 ) ⊕ Γ(H 2 ). Therefore to show that a Kähler-Einstein manifold is stable it is sufficient to show that the restriction of ∆ E to the subspaces Γ(H 1 ) and Γ(H 2 ) is positive semidefinite, respectively. In fact, we can use the Kähler structure to conjugate the Einstein operator to other operators. If h 1 ∈ H 1 , we define a 2-form by
We have
where ∆ H is the Hodge Laplacian on 2-forms and µ is the Einstein constant. Since ∆ H is nonnegative,
and since IJ +JI = 0, we may consider I as a T 1,0 M -valued 1-form of type (0, 1). We have the formula
where ∆ C is the complex Laplacian. Thus, the restriction of the Einstein operator to Γ(H 2 ) is always nonnegative, since ∆ C is. As a consequence, we have We discuss conditions under which a Kähler-Einstein manifold is strictly stable in the nonpositive case and stable in the positive case. This can be described in terms of the Bochner curvature tensor which has similar properties as the Weyl tensor. 
The Bochner curvature tensor posesses the same symmetries as the Riemann tensor and in addition, any of its traces vanishes. If (M, g) is Kähler-Einstein, the Bochner tensor is
where µ is the Einstein constant (see e.g. [IK04, p. 229] and mind the different sign convention for the curvature tensor). The Bochner tensor acts naturally on symmetric (0, 2)-tensors bẙ
B(e i , X, Y, e j )h(e i , e j ),
where {e 1 , . . . , e n } is an orthonormal basis. Let
For Kähler-Einstein manifolds with negative Einstein constant, it was proven by M. Itoh and T. Nakagawa that they are strictly stable if the Bochner tensor is small. 
then g is strictly stable.
However, an error occured in the calculations and the result is slightly different. Therefore, we redo the proof. By straightforward calculation,
h(e i , e j )h(J(e i ), J(e j ))}.
In particular,
for h 2 ∈ H 2 . By (8.1), ∆ E is positive definite on Γ(H 1 ) so it remains to consider Γ(H 2 ). By (5.3),
Remark 8.5. Theorem 8.4 is true if we replace (8.3) by
Now, let us turn to positive Kähler-Einstein manifolds. We will use Bochner formula (5.2). Unfortunately, we cannot make use of the vector bundle splitting S 2 g M = H 1 ⊕ H 2 . In order to apply (5.2), we need the condition δh = 0, which is not preserved by the splitting into hermitian and skew-hermitian tensors. Let
Since the trace of the Bochner tensor vanishes,B : (S 2 M ) p → (S 2 M ) p has also vanishing trace (this follows from the same arguments as used in the proof of Lemma 6.1). Thus, b is nonnegative.
Theorem 8.6. Let (M, g, J) be Kähler-Einstein with positive Einstein constant µ. If
Proof. Let h ∈ T T . By (8.4) and the Cauchy-Schwarz inequality, R h, h ≤ B h, h + 2 µ n + 2 |h| 2 .
Using (5.2), we therefore obtain
Under the assumptions of the theorem, ∆ E | T T is nonnegative.
We also prove a stability criterion involving the L n/2 -norm of b: Proof. The proof is very similar to that of Theorem 1.6. Let h ∈ T T . By assumtion, (M, g) is a Yamabe metric. Thus, we can use the Sobolev inequality and we get
By the above,
The first term on the right hand side is nonnegative by the assumption on b. To estimate ∇h 2 L 2 , we rewrite (5.2) to get
Thus,
By combining these arguments,
and the right-hand side is nonnegative if the assumption of the theorem holds.
Remark 8.8. By the Cauchy-Schwarz inequality, we clearly have
Remark 8.9. As for the Weyl tensor, there also exist isolation results for the L n/2 -norm of the Bochner tensor, see [IK04, Theorem A]. The methods are similar to those used in [IS02] and for the constant C n appearing in formula (24) of [IK04] , the value 1/6 seems to be not too far away from the optimum. A criterion combining Theorem 8.7 and (8.7) is not ruled out by these results, if n ≥ 5. If n = 4, B = W − (see [IK04, p. 232] ). Then Theorem 6.9 applies and this criterion is ruled out.
Physical stability
In higher-dimensional gravity theories, spacetime models are manifolds of the form B × M where B is noncompact and M is compact. One considers metrics on the product which are Lorentzian on the fibers B × {p} and Riemannian on the fibers {q} × M . Given compact positive Riemannian Einstein manifolds (M, g), one can build two particular models on them. These are the product Anti-de-Sitter spaces where n = dim(M ) and m is the mass of the black hole. Observe that one recovers the standard Schwarzschild metric if (M, g) = (S 2 , g st ). On both models, an eigentensor of the Lichnerowicz Laplacian on (M, g) correspond to a scalar field on the whole spacetime admitting a certain mass resp. energy [BF82, GHP03] , see also [Die13, Section 2.5] for details. If the eigenvalue is too small, the scalar field is unstable in a certain sense. It turned out that in both models, the same condition on the Lichnerowicz Laplace spectrum prohibits the existence of such scalar fields [GHP03, Section 2.2 and 2.3]. It is given by Definition 9.1. An Einstein manifold (M, g) with positive Einstein constant µ is said to be physically stable if the smallest eigenvalue of the Einstein operator on T T -tensors satisfies the estimate λ ≥ − n − 1 4 µ or equivalently, the smallest eigenvalue of the Lichnerowicz Laplacian on T T -tensors satisfies λ ≥ µ n − 1 4 − 1 4 (n − 5) 2 .
Remark 9.2. Obviously, a positive Einstein metric is physically stable if it is stable in the sense of Definition 2.3.
Any positive Einstein manifold admitting a non-zero Killing spinor is physically stable [GHP03, Section 4.3]. With the methods used in the previous sections, we find curvature conditions which ensure physical stability. Using (5.2), we derive By (6.6), we also get an L n/2 -criterion for physical stability: .
